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TOPOLOGICALLY INDUCED SPECTRAL BEHAVIOR:
THE EXAMPLE OF QUANTUM GRAPHS
PAVEL EXNER
ABSTRACT. This review paper summarizes the contents of the talk given
by the author at the 8th International Congress of Chinese Mathemati-
cians. Using examples of Schro¨dinger operators on metric graphs, it is
shown that a nontrivial topology of the configuration space can give rise
to a rich variety of spectral types. In particular, it is shown that the spec-
trum may be of a pure point type or to have a Cantor structure. We also
address the question about the number of open spectral gaps and show
that it could be nonzero and finite. Finally, inspired by a recent attempt
to model the anomalous Hall effect we analyze a vertex coupling which
exhibits high-energy behavior determined by the vertex degree parity.
1. INTRODUCTION
Nice thing about mathematics are numerous relations between its different
parts manifesting its deep unity. This is true, in particular, about spectral
properties of operators and the topology of the underlying space; I believe
that there is no need to convince the reader that the latter has an impact on
the former. Generally speaking, one expects that a nontrivial topology can
give rise to a broader family of spectral types. My aim here is to illustrate
this claim using the example of quantum graphs which I will introduce in
the following section. Put like that, of course, the claim is rather vague;
to be specific, I am going to consider elliptic second-order operators with
periodic coefficients commonly used in physics to describe crystals and other
periodically structured materials.
Let us first recall how things look like in the standard Schro¨dinger operator
theory. A typical example of the indicated class of operators is
(1.1) H = (−i∇−A(x))∗g(x)(−i∇−A(x)) + V (x)
on L2(Rd), where d ∈ N is the space dimension, g is a positive d× d matrix-
valued function and A is a vector-valued magnetic potential. If the coeffi-
cients g,A, V are periodic the spectrum of the operator (1.1) is found using
Floquet method: one proves that H is unitarily equivalent to
H ′ =
∫
Q∗
H(θ) dθ .
The fiber operators H(θ) here act on L2(Q), where Q ⊂ Rd is the period
cell and Q∗ is the dual cell, or Brillouin zone in the physicist’s terminology.
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FIGURE 1. A metric graph
Examining the spectrum of H(θ) as a function of the quasimomentum θ,
one can prove, in particular, that the spectrum of H
• is absolutely continuous, and
• has a band-and-gap structure.
The argument is based on the analyticity of the eigenvalues with respect
to θ. Its idea belongs to L. Thomas [82] who used in the case A = 0 and
g = I , for a review and a general result under weak regularity assumptions
see [16]. Moreover, the gap structure is influenced by the dimension of the
configuration space:
• in the one-dimensional case the number of open gaps is infinite ex-
cept for a particular class of potentials,
• on the contrary, in higher dimensions the Bethe-Sommerfeld conjec-
ture, nowadays verified for a wide class of interactions [70], says
that the number of open gaps is finite.
I am going to show that if the system in question is a quantum graph, any
of the above properties may appear to be invalid.
2. QUANTUM GRAPHS
Let us now introduce the main object of our interest. We consider a metric
graph which is a collection of vertices and edges connected in accordance
with a prescribed adjacency matrix. In contrast to the most common con-
cept of a discrete graph, we suppose in addition that each edge is homo-
thetic to a (finite or semi-infinite) interval (cf. Fig. 1). We associate with such
a metric graph the Hilbert space H =
⊕
j L
2(ej) and consider the operator
H acting on functions ψ = {ψj} that are locally H2 as
Hψ = {−ψ′′} or more generally Hψ = {(−iψ′ −Aψ)2 + V ψ}
Should such an operator play the role of a quantum mechanical Hamilton-
ian, it has to be self-adjoint. To achieve that we have to match the functions
ψj properly at each graph vertex.
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Denoting ψ(vk) = {ψj(vk)} and ψ′(vk) = {ψ′j(vk)} the boundary values of
functions and (outward) derivatives at the vertex vk, respectively, the most
general self-adjoint matching conditions read
(2.1) (U − I)ψ(vk) + i(U + I)ψ′(vk) = 0,
where U is any deg(vk) × deg(vk) unitary matrix. This is easy to see: an
elementary calculation gives
‖ψ(vk) + iψ′(vk)‖2 − ‖ψ(vk)− iψ′(vk)‖2 = 2
∑
j
(
ψ¯jψ
′
j − ψ¯′jψj
)
(vk)
where the right-hand side is nothing but the boundary form that has to
vanish to make the operator self-adjoint. Hence the above two vectors,
ψ(vk) ± iψ′(vk) ∈ Cdeg(vk), are of the same length being thus related by a
unitary matrix.
In general the vertex coupling depends on the number of parameters, specif-
ically n2 of them for a vertex of degree n. The number is reduced signifi-
cantly if we require continuity at the vertex, then we are left with
(2.2) ψj(0) = ψk(0) =: ψ(0) , j, k = 1, . . . , n ,
n∑
j=1
ψ′j(0) = αψ(0)
depending on a single parameter α ∈ R. The conditions (2.2) are called the
δ coupling and the corresponding unitary matrix is U = 2n+iαJ − I , where
J is the n × n matrix whose all entries are equal to one. In particular, the
case α = 0 is often referred to as the Kirchhoff coupling. We note that this
is an unfortunate name – free or standard or natural would be better – but it
stuck. The name δ coupling makes sense because one can approximate it
by scaled regular potentials similarly as a δ potential on the line [28]; the
parameter α is at that interpreted as the coupling strength.
Before proceeding further, we have to say why quantum graphs are inter-
esting. There are multiple reasons:
• from the ‘practical’ physical point of view they model graphlike
nanostructures made of semiconductors, carbon nanotubes, and other
materials,
• they offer a number of interesting mathematical questions, coming
in the first place from the spectral and scattering theory, both direct
and inverse (e.g., can on hear the shape of a graph? [51]),
• they have combinatorial graph counterparts as we shall mention be-
low, which may exhibit interesting dynamical effects, see, for in-
stance [66],
• graphs offer a useful playground to study quantum chaos [62],
• and a lot more, as one can find, e.g., in the monograph [14].
We focus here, however, on a single aspect, namely how the topology can
enrich spectral properties of quantum graphs.
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3. THE LACK OF ABSOLUTE CONTINUITY
To describe how quantum graphs differ from the standard PDEs mentioned
in the opening, we note first that the unique continuation principle in general
does not hold in quantum graphs, in other words, one can have compactly
supported eigenfunctions. This is straightforward to see: a graph with a δ
coupling at the vertices which contains a loop with commensurate edges
has the so-called Dirichlet eigenvalues corresponding to eigenfunctions of
the type shown in Fig. 2 because the rest of the graph ‘does not know’
about them. This means that the spectrum of a periodic quantum graph with
FIGURE 2. A Dirichlet eigenfunction; courtesy: Peter Kuchment
the said property contains infinitely degenerate eigenvalues being thus not
purely absolutely continuous.
Other peculiarities of quantum graphs spectra are less trivial, nevertheless,
they can be demonstrated using relatively simple examples. Next we want
to show that such a spectrum may not have an absolutely continuous com-
ponent at all; the example we use to this aim is a graph in the form of a
loop array exposed to a magnetic field as sketched in Fig. 3; we suppose that
the loops are circles of unit radii. The corresponding Hamiltonian is the
0 pi 0 pi 0 pi• • • •
eLj−1
eUj−1
Aj−1
eLj
eUj
Aj
eLj+1
eUj+1
Aj+1
vj−1 vj vj+1 vj+2
. . . . . .
FIGURE 3. The magnetic chain graph; the arrows indicate
the coordinate choice at the edges
magnetic Laplacian −∆A on the chain Γ acting as ψj 7→ −D2ψj on each
link of it, where D := −i∇−A. We have some freedom in the choice of the
vector potential. First of all, we need in fact its tangent component only,
and secondly, it is only the flux through the loops which matters; without
loss of generality we may suppose that the potential takes a constant value
Aj on the j-th loop. For the sake of definiteness we assume the magnetic
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version of the δ-coupling at the vertices [61], in other words, the operator
domain consists of functions from H2loc(Γ) satisfying
(3.1) ψi(0) = ψj(0) =: ψ(0) , i, j = 1, . . . , n ,
n∑
j=1
Dψj(0) = −iαψ(0) ,
where α ∈ R is the coupling constant and n = 4 holds in our case. In fact,
the vector potential terms in this particular case cancel mutually at the left-
hand side of the last of the conditions (3.1) which thus looks as in (2.2)).
This does mean, however, that the magnetic potential does not affect the
spectrum because it is also contained in the operator symbol – and we will
see in a while the magnetic effects may be quite dramatic.
Consider first the simplest situation with the homogeneous magnetic field.
We use the circular gauge so that the (tangent component of) the vector
potential is constant on each ring, Aj = A, j ∈ Z, pointing clockwise. To
find the spectrum we take the elementary cell of the chain as sketched in
Fig. 4 and use the AnsatzψL(x) = e−iAx(C+L e
ikx+C−L e
−ikx) for x ∈ [−pi/2, 0]
FIGURE 4. Elementary cell of the magnetic chain
and energy E := k2 6= 0, and similarly for the other three components;
for E < 0 we put instead k = iκ with κ > 0. These functions have to be
matched through (a) the δ-coupling and (b) the Floquet conditions at the
‘loose’ ends. This yields a system of linear equations for the coefficients, its
solvability condition is expressed as the following equation for the phase
factor eiϑ,
sin kpi cosApi(e2iϑ − 2ξ(k)eiϑ + 1) = 0 ,
with the discriminant D = 4(ξ(k)2 − 1), where ξ(k) := η(k)4 cosApi and
(3.2) η(k) := 4 cos kpi +
α
k
sin kpi
for any k ∈ R∪iR\{0} andA− 12 6∈ Z. Putting aside the case withA− 12 ∈ Z
and k ∈ N, we conclude that k2 ∈ σ(−∆A) holds if and only if the condition
|η(k)| ≤ 4| cosApi| is satisfied. Its solution can be demonstrated graphically
as shown in Fig. 5. The spectrum – in the momentum variable – consists
of the values for which the values of the function (3.2) lie in shaded strip.
If A = 0 and the coupling is Kirchhoff, the spectrum covers the positive
real axis. A nonzero value of α opens spectral gaps, α < 0 means that the
spectrum extends to negative values. If the magnetic field is nonzero – or,
in fact, non-integer – the picture is similar but the strip width changes to
8| cosApi| which means, in particular, that spectral gaps are open for any
α ∈ R. What is important from our present point of view, for half-integer
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FIGURE 5. Graphical solution of the magnetic chain spectral
condition: the behavior of the quantity η defined by (3.2)
with respect to the spectral parameter z and the coupling
constant α is shown. On the right side the horizontal axis
indicates the variable
√
z = k while on the left we plot in-
creasing values of the purely imaginary positive values of
the square root,
√
z = iκ, κ > 0.
values, A− 12 ∈ Z, the strip shrinks to a line, and as a result, the spectrum
consists of infinitely degenerate eigenvalues only (or flat bands as physicists
would say), with the ‘elementary’ eigenfunctions being supported by pairs
of adjacent loops.
4. VARIABLE MAGNETIC FIELD
Let us keep exploring the last example making it a little more complicated
by assuming that the magnetic field is nonconstant and varies linearly along
the chain, Aj = µj + θ for some µ, θ ∈ R and every j ∈ Z. Such a field
extending over the whole space is an idealization, of course, but the validity
of such idealizations is the bridge at which mathematics and physics meet
at least since Newton times.
Being more pragmatic, we note that the unbounded character of the se-
quence {Aj} need not bother us as it is not essential. The point is that from
the spectral point of view only the fractional part of each Aj matters. The rea-
son is that our operator – which we denote as −∆α,A for a given α ∈ R and
A = {Aj} ⊂ R – is unitarily equivalent to −∆α,A′ with A′j = Aj + n with
n ∈ Z by the operator acting as ψj(x) 7→ ψj(x) e−inx; a physicist would call
it a gauge transformation. This simplifies the analysis in the case when the
slope µ is rational. Indeed, is such a situation we can assume without loss of
generality that the sequence {Aj} is periodic and solve the problem using
the Floquet method similarly as we did above for a constant A. In this way
we arrive at the following result [43]:
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Theorem 4.1. Let Aj = µj + θ for some µ, θ ∈ R and every j ∈ Z. Then for the
spectrum σ(−∆α,A) the following holds:
(a) If µ, θ ∈ Z and α = 0, then the spectrum is the union of the absolutely continu-
ous and pure point parts, σac(−∆α,A) = [0,∞) and σpp(−∆α,A) = {n2|n ∈ N},
(b) If α 6= 0 and µ = p/q with p, q relatively prime, µj + θ + 12 /∈ Z for all
j = 0, . . . , q − 1, then −∆α,A has a family of infinitely degenerate eigenvalues,
{n2|n ∈ N}, interlaced with an absolutely continuous part consisting of q-tuples
of closed intervals,
(c) If the situation is as in (b) but µj + θ+ 12 ∈ Z holds for some j = 0, . . . , q− 1,
then the spectrum σ(−∆α,A) consists of infinitely degenerate eigenvalues only, the
Dirichlet ones plus q distinct others in each interval (−∞, 1) and (n2, (n+ 1)2).
The case of an irrational µ requires a different approach: we shall rephrase
our differential operator problem on the metric graph in terms of a differ-
ence equation. This idea was put forward by physicists, Alexander and de
Gennes, in the 1980s; its mathematical treatment started a decade later. It
is particularly simple if the graph in question is equilateral as is the case in
our example. We introduce the set K := {k : Im k ≥ 0∧ k /∈ Z}with the aim
to exclude Dirichlet eigenvalues from the consideration and seek the spec-
trum through solution of the Schro¨dinger equation (−∆α,A − k2)
(
ψ(x, k)
ϕ(x, k)
)
= 0
in which the component functions refer to the upper and lower branch
of the chain, respectively. They satisfy the condition (2.2) at the vertices,
x = jpi, which allows us to reduce the problem to the difference equation
2 cos(Ajpi)ψj+1(k) + 2 cos(Aj−1pi)ψj−1(k) = η(k)ψj(k) , k ∈ K ,
where ψj(k) := ψ(jpi, k) and η is the function (3.2) amended by η(k) =
4 + αpi for k = 0; note that since the upper and lower function component
coincide at the vertices by assumption we have a single equation. What is
even more important, knowing its solution we can reconstruct that of the
original problem using the formula(
ψ(x, k)
ϕ(x, k)
)
= e∓iAj(x−jpi)
[
ψj(k) cos k(x− jpi)
+(ψj+1(k)e
±iAjpi − ψj(k) cos kpi)sin k(x− jpi)
sin kpi
]
, x ∈ (jpi, (j + 1)pi) ,
and in addition, the resulting function belongs to Lp(Γ) if and only if the
sequence {ψj(k)}j∈Z ∈ `p(Z), p ∈ {2,∞}. This relates weak solutions of
the two problems but one can also make a stronger claim [69]:
Theorem 4.2. For any interval disjoint with the Dirichlet spectrum, J ⊂ R \ σD,
the restriction (−∆α,A)J referring to the spectral projection χJ(−∆α,A) is unitar-
ily equivalent to the pre-image η(−1)
(
(LA)η(J)
)
, where LA is the operator on `2(Z)
acting as (LAϕ)j = 2 cos(Ajpi)ϕj+1 +2 cos(Aj−1pi)ϕj−1 and η is given by (3.2).
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To proceed, let us recall another well-known mathematical problem, the
almost Mathieu equation,
(4.1) un+1 + un−1 + λ cos(2piµn+ θ))un = un ,
in particular, its critical case, λ = 2, which is also referred to frequently
as Harper equation. The spectrum of the corresponding difference operator
Hµ,2,θ is independent of θ, and plotted as a function of µ has the form of the
well-known Hofstadter butterfly [55] shown in Fig. 6.
FIGURE 6. Hofstadter butterfly; source: Fermat’s Library
The nature of the spectrum depends on the parameter involved. If µ ∈ Q,
the spectrum of Hµ,2,θ is easily seen to be absolutely continuous and of the
band-gap type. The case of an irrational µ is much harder. The Cantor struc-
ture was conjectured – under the name ‘Ten Martini Problem’ proposed by
B. Simon – but it took two decades to achieve an affirmative answer [4]:
Theorem 4.3. For any µ 6∈ Q, the spectrum of Hµ,2,θ does not depend on θ and it
is a Cantor set of Lebesgue measure zero.
Let us note that the phenomenon owes its existence due to the presence of
two incommensurate length scales in the problem. Such a behavior was
predicted for electrons on a lattice exposed to a magnetic field by Azbel
more than half a century ago [5]; recently it was observed experimentally
by several groups on graphene lattices [27, 72].
The question is how is this related to our problem. To see that we employ a
trick originally proposed by M. Shubin [80]: we consider a rotation algebra
Aµ generated by elements u, v such that uv = e2piiµvu. Such an algebra is
simple for µ 6∈ Q, thus having faithful representations. We construct two
representations of Aµ which map a single element of the algebra, namely
u + v + u−1 + v−1 ∈ Aµ, to operators LA and Hµ,2,θ, respectively, and use
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it to conclude that their spectra coincide, σ(LA) = σ(Hµ,2,θ). This allows
us using the above described duality and the fact that the function (3.2) is
locally analytic to obtain, in a cheap way indeed, the following nontrivial
result [43]:
Theorem 4.4. If α 6= 0 and µ /∈ Q, then σ(−∆α,A) does not depend on θ and it
is a disjoint union of the isolated-point family {n2|n ∈ N} and Cantor sets, one
inside each interval (−∞, 1) and (n2, (n + 1)2), n ∈ N. Moreover, the overall
Lebesgue measure of σ(−∆α,A) is zero.
We can also translate other results concerning the critical almost Mathieu
operator to the problem of a chain graph with the linear magnetic field. For
instance, we have [65]:
Theorem 4.5. LetAj = µj+θ hold for some µ, θ ∈ R and every j ∈ Z. There ex-
ists a dense Gδ set of the slopes µ for which, and for all θ, the Hausdorff dimension
dimH σ(−∆α,A) = 0.
On the other hand, using the result [54] we arrive at the following claim:
Theorem 4.6. There is another dense set of the slopes µ, with positive Hausdorff
measure, for which, on the contrary, dimH σ(−∆α,A) > 0.
Taken together, the last two results show in a convincing way how subtle
the spectral problem in this system is.
5. BETHE-SOMMERFELD GRAPHS
Let us now change the topic. Figuratively speaking, the graphs in the pre-
vious example had ‘many’ gaps indeed, now we will deal in contrast with
periodic graphs having ‘just a few’ gaps. We mentioned in the introduction
the Bethe–Sommerfeld conjecture, made in early days of quantum mechanics
and stating that systems periodic in more than one direction have at most
a finite number of open spectral gaps. The reasoning behind the conjecture
is simple: in one dimension the dispersion curves of the free system do not
have many intersections, and therefore it is not difficult for a perturbation
to open gaps even at high energies, in sheer contrast to higher dimensional
systems. However, to establish such a claim mathematically proved to be
a hard problem and the first rigorous results appeared only in the 1980s.
Since then a substantial progress was made and nowadays the validity of
the conjecture is established for wide classes of operators [70].
It is natural to ask whether the same could be true for quantum graphs
which one can regard as systems mixing different dimensionalities. The
common understanding is that, while the above described heuristic argu-
ment applies here too, the finiteness of the gap number ‘is not a strict law’
[14]. The reason comes again from the topology: one is able to create an
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infinite number of gaps in the spectrum of a periodic graph by decorating
its vertices by copies of a fixed compact graph. This fact was observed first
in the combinatorial graph context [78] and the argument extends easily to
metric graphs we consider here [63] in the way illustrated in Fig. 7.
FIGURE 7. Decoration of a graph; courtesy: Peter Kuchment
Thus the question rather could be whether it is a ‘law’ at all: do infinite
periodic graphs having a finite and nonzero number of open gaps exist?
From obvious reasons we would call them Bethe-Sommerfeld graphs.
The answer depends on the vertex coupling. Recall that the general self-
adjoint matching conditions are described by relation (2.1). One can de-
compose them into the Dirichlet, Neumann, and Robin parts [14, Thm. 1.4.4]
corresponding to the eigenspaces of U with eigenvalues−1, 1, and the rest,
respectively. If the latter is absent we call such a coupling scale-invariant; as
an example, one can mention the Kirchhoff coupling. Graphs with such
vertices do not have the property we seek [41]:
Theorem 5.1. An infinite periodic quantum graph does not belong to the Bethe-
Sommerfeld class if the couplings at its vertices are scale-invariant.
Furthermore, recall the result of [7] which shows in a particularly illumi-
nating way that the probability of finding an energy value in a band is uni-
versal within wide classes of periodic graphs. If this probability is less than
one, such a graph clearly has an infinite number of gaps, in the opposite
case one might be tempted to believe that there are no gaps.
Nevertheless, the answer to our question is affirmative [41]:
Theorem 5.2. Bethe–Sommerfeld graphs exist.
Since it is an existence claim it is sufficient, of course, to demonstrate an
example. With this aim we revisit the model of a rectangular lattice graph
with a δ coupling in the vertices, sketched in Fig. 8, studied in [29, 31].
A number k2 > 0 belongs to a gap if and only if k > 0 satisfies the gap
condition which is easily derived; it reads
(5.1) 2k
[
tan
(
ka
2
− pi
2
⌊
ka
pi
⌋)
+ tan
(
kb
2
− pi
2
⌊
kb
pi
⌋)]
< α for α > 0
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FIGURE 8. Rectangular lattice graph
and
(5.2) 2k
[
cot
(
ka
2
− pi
2
⌊
ka
pi
⌋)
+ cot
(
kb
2
− pi
2
⌊
kb
pi
⌋)]
< |α| for α < 0 ;
we neglect the Kirchhoff case, α = 0, where σ(H) = [0,∞). We note that for
α < 0 the spectrum extends to the negative part of the real axis and may
have a gap there, which is not important here because there is not more
than a single negative gap, and this gap always extends to positive values.
Let us recall briefly what is known about the spectrum of the corresponding
Hamiltonian H [29, 31]: it depends on the ratio θ = ab . To begin with, σ(H)
has clearly infinitely many gaps if θ is rational, except for the Kirchhoff
case, α = 0, when σ(H) = [0,∞). The same is true if θ is is an irrational well
approximable by rationals, which means that in the continued fraction repre-
sentation, θ = [a0; a1, a2, . . . ], the coefficient sequence {aj} is unbounded.
On the other hand, θ ∈ R is said to be badly approximable if the sequence is
bounded; according to a well know number theory result this fact is equiv-
alent to the existence of a c > 0 such that∣∣∣θ − p
q
∣∣∣ > c
q2
for all p, q ∈ Z with q 6= 0. For such numbers we define Markov constant by
(5.3) µ(θ) := inf
{
c > 0
∣∣ (∃∞(p, q) ∈ N2) (∣∣∣θ − p
q
∣∣∣ < c
q2
)}
,
with ∃∞ meaning ‘there exist infinitely many’, noting that µ(θ) = µ(θ−1),
and its ‘one-sided analogues’ referring to similar approximations with the
positive and negative values of θ − pq , respectively.
As an example, consider the golden mean, θ =
√
5+1
2 = [1; 1, 1, . . . ], which
can be regarded as the ‘worst’ irrational. A quick look reveals interesting
properties [31] which follow from the behavior of the left-hand side of (5.1).
It is clear from the formula that, as a function of k, it has a saw-tooth shape
with a number of local minima. In view of (5.1) it is the latter which deter-
mine the existence of gaps. We plot them in Fig. 9; since the occurrence of
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small values of those minimum points becomes rare as the energy grows
we use the logarithmic scale of k in the graph.
FIGURE 9. Solution of the condition (5.1): spectral gaps are
situated around the values of k for which the plotted min-
ima are smaller than α.
For comparison it is useful to note that for a rational θ the left-hand side
of (5.1) would have a periodic sequence of zeros giving rise to gaps for
any α > 0, and furthermore, for an irrational θ that is well approximated
by rationals there will be no zeros but one could find a sequence of the
local minima tending to zero, and consequently, one would have again an
infinite series of gaps for any α > 0.
In contrast, in our case the set of the minima has positive lower bound,
which means that there are no gaps in the spectrum for α small enough. In
addition, the picture shows that making the value of the coupling constant
larger, one can open other infinite gap series: they appear at the values
α = pi
2√
5ab
θ±1/2|n2 −m2 − nm|, n,m ∈ N . However, the lowest series of the
function minimum values approaches the limit as k → ∞ from above so no
situation with a finite number of gaps arises.
But a closer look shows a more complex picture [41]:
Theorem 5.3. Let ab = θ =
√
5+1
2 , then the following claims are valid:
(i) If α > pi
2√
5a
or α ≤ − pi2√
5a
, there are infinitely many spectral gaps.
(ii) If
−2pi
a
tan
(3−√5
4
pi
)
≤ α ≤ pi
2
√
5a
,
there are no gaps in the positive spectrum.
(iii) If
− pi
2
√
5a
< α < −2pi
a
tan
(3−√5
4
pi
)
,
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there is a nonzero and finite number of gaps in the positive spectrum.
As a corollary, this result establishes the validity of Theorem 5.2. The win-
dow in which the golden-mean lattice has the Bethe-Sommerfeld property
is narrow, corresponding roughly to the values 4.298 . −αa . 4.414.
Within these limits, we can do even better and control the number of gaps
in the Bethe-Sommerfeld regime [41]:
Theorem 5.4. For a given N ∈ N, there are exactly N gaps in the positive
spectrum if and only if α satisfies −AN+1 ≤ α < AN , where
Aj :=
2pi
(
θ2j − θ−2j)√
5
tan
(pi
2
θ−2j
)
, j ∈ N .
Note that the numbers Aj form an increasing sequence the first element of
which is A1 = 2pi tan
(
3−√5
4 pi
)
and Aj < pi
2√
5
holds for all j ∈ N.
Proofs of the above results are based on properties of Diophantine approx-
imations. In a similar way one can get a more general result [41]:
Theorem 5.5. Let θ = ab and define
γ+ := min
{
inf
m∈N
{
2mpi
a
tan
(pi
2
(mθ−1 − bmθ−1c)
)}
, inf
m∈N
{
2mpi
b
tan
(pi
2
(mθ − bmθc)
)}}
and γ− similarly with b·c replaced by d·e and tan by − tan. If ±α > 0 and the
coupling constant satisfies the inequality
γ± < ±α < pi
2
max{a, b}µ(θ) ,
then there is a nonzero and finite number of gaps in the positive spectrum.
This allows us to construct further examples, in particular, to show that also
lattices with repulsive δ coupling, α > 0, may exhibit the Bethe-Sommerfeld
property, cf. [41] for more details.
6. AN INTERLUDE ABOUT THE MEANING OF THE VERTEX COUPLING
Our next aim is to show one more example where a topological charac-
teristics, in this case the vertex degree, or rather its parity, has a substantial
influence on the spectrum. Before coming to it we have to look more closely
to the meaning of the vertex coupling (2.1) which contain a number of pa-
rameters. One way to determine which are the ‘right’ ones was suggested
longtime ago, following the original proposal of Linus Pauling to use met-
ric graphs as an instrument to analyze molecules of aromatic hydrocarbons
[71]. Since such graphs are supposed to model thin networks, it seems
natural to inspect how the Laplacian, or more generally a Schro¨dinger op-
erator, supported by such a network behaves when the width of the net-
work threads tends to zero. For the Neumann Laplacian a formal use of
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the Green’s formula suggests that such a squeezing limit would lead to the
Kirhhoff coupling [75]. This guess proved to be correct but it took time be-
fore the claim was established rigorously [37, 45, 64, 74, 76].
For other couplings such a straightforward procedure based on the Lapla-
cian is not sufficient. A modification leading to the δ coupling is easy: one
has to employ instead the Schro¨dinger operator with a family of scaled po-
tentials, the integral of which yields the coupling constant [38]. The general
case is considerably more complicated: one has not only to add more poten-
tials as well as magnetic fields, but also to modify locally the network topol-
ogy. One employs a family of magnetic Schro¨dinger operator supported
by a Neumann-type network sketched in Fig. 10 with Neumann-type bound-
ary. This includes both a network-type subset ofR3 supporting a Neumann
Laplacian as well as the situation when the manifold in question is the sur-
face of such a region having thus no boundary. Choosing properly the po-
                                                      FIGURE 10. Squeezed network approximation: the mani-
fold supports scalar potentials vk in a neighborhood of the
endpoints of the connecting tubes and wjk in the vicinity of
their midpoints, together with the vector potentials Ajk, all
dependent on the tube radius ε; the length of the connecting
tubes shrinks as εβ when ε→ 0.
tentials, both the scalar supported by the shaded regions and the vector
ones, as functions of ε, singular as ε → 0, and assuming that the network
width shrinks much faster than the length of the added edges, β < 113 , one
can approximate any vertex coupling in the norm-resolvent sense [39].
Let us note in passing that the analogous squeezing problem for a network-
shaped region supporting the Laplacian with other boundary conditions,
in particular, the Dirichlet one, is much harder. The ways to get a nontriv-
ial limit choosing a proper energy renormalization are known [20, 50, 67],
however, we are far from a complete understanding similar to the Neu-
mann case. We are not going to discuss this problem here.
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One has to acknowledge that the above described construction is rather a
baroque one. Alternatively, one can take an pragmatic approach and look
whether a given vertex coupling could be useful to model a particular sys-
tem. To motivate the problem discussed in the next section let us mention
one situation where a quantum graph model was used recently [81]. It
concerns the well-known Hall effect sketched in Fig. 11. It was discovered
FIGURE 11. The Hall effect; source: Wikipedia
140 years ago when Edwin Hall noticed that magnetic field induces a volt-
age perpendicular to the current. However, the true excitement came in the
1980s when Klaus von Klitzing and others discovered that in the quantum
regime the Ohm’s law ceased to hold and the corresponding conductivity
was quantized with a great precision – this fact lead already to two Nobel
Prizes. What is even more intriguing, however, is that in ferromagnetic
materials one can also observe a similar behavior in the absence of external
magnetic field – this is referred to as the anomalous Hall effect.
The mechanism of the ‘usual’ quantum Hall effect is well understood – this
was the second one of the mentioned Nobel prizes – which cannot be said
about its anomalous counterpart of which it is conjectured that it comes
from internal magnetization in combination with the spin-orbit interaction.
Recently a model was proposed in which the material structure of the sam-
ple is described by lattice of δ-coupled rings, sketched in Fig. 12, topolog-
FIGURE 12. A model of anomalous Hall effect; source [81]
ically equivalent to a square lattice. Looking at the picture we recognize
a problem: to mimick the rotational motion of atomic orbitals responsible
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for the magnetization, the authors had to impose ‘by hand’ the require-
ment that the electrons move only one way, anticlockwise, on the loops of
the lattice. Such an assumption, however, cannot be justified from the first
principles. On the other hand, it is possible to break the time-reversal in-
variance, not at graph edges but at its vertices; the next section is devoted
to the discussion of a model with this property.
7. VIOLATING THE TIME-REVERSAL INVARIANCE
To construct an example of vertex coupling with the indicated property,
recall that on a star graph consisting on N halfline meeting at a single ver-
tex with the coupling (2.1) the on-shell S-matrix, that is, the component of
the direct-integral decomposition of the scattering operator referring to the
momentum k [14, Sec. 2.1] equals
(7.1) S(k) =
k − 1 + (k + 1)U
k + 1 + (k − 1)U ,
in particular, we have U = S(1). The maximum preferential orientation of
such a vertex at k = 1 would be thus achieved if we choose
(7.2) U =

0 1 0 0 · · · 0 0
0 0 1 0 · · · 0 0
0 0 0 1 · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 0 1
1 0 0 0 · · · 0 0

.
To find properties of the vertex coupling (2.1) with the matrix (7.2) we
consider again the star graph. Writing the coupling conditions componen-
twise, we have
(7.3) (ψj+1 − ψj) + i(ψ′j+1 + ψ′j) = 0 , j ∈ Z (modN) ,
which is non-trivial for N ≥ 3 and obviously non-invariant with respect to
the reverse in the edge numbering order, or equivalently, with respect to the
complex conjugation representing the time reversal. For such a star-graph
Hamiltonian we obviously have σess(H) = R+. It is also easy to check that
H has eigenvalues −κ2, where
(7.4) κ = tan
pim
N
with m running through 1, . . . , [N2 ] for N odd and 1, . . . , [
N−1
2 ] for N even.
Thus σdisc(H) is always nonempty, in particular, H has a single negative
eigenvalue for N = 3, 4 which is equal to −3 and −1, respectively.
Let us turn to the scattering. Looking at the relation (7.1) it might seem that
transport becomes trivial at small and high energies, limk→0 S(k) = −I and
limk→∞ S(k) = I . However, caution is needed; the formal limits lead to a
false result if +1 or −1 are eigenvalues of U . A simple counterexample
is the (scale invariant) Kirchhoff coupling for which U has only ±1 as its
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FIGURE 13. The square and honeycomb lattices
eigenvalues; the on-shell S-matrix is then independent of k and it is not a
multiple of the identity. A straightforward computation yields the explicit
form of S(k): denoting for simplicity η := 1−k1+k we have [40]
Sij(k) =
1− η2
1− ηN
{
−η 1− η
N−2
1− η2 δij + (1− δij) η
(j−i−1)(modN)
}
.
This formula suggests, in particular, that the S-matrix high-energy behav-
ior, η → −1, could be determined by the parity of the vertex degree N . In
the cases with the lowest N we get
S(k) =
1 + η
1 + η + η2
 −
η
1+η 1 η
η − η1+η 1
1 η − η1+η

and
S(k) =
1
1 + η2

−η 1 η η2
η2 −η 1 η
η η2 −η 1
1 η η2 −η

for N = 3, 4, respectively. We see that limk→∞ S(k) = I holds for N = 3
and more generally for all odd N , while for the even ones the limit is not a
multiple of identity; this comes from the fact that in the latter case U has both
±1 as its eigenvalues, while for N odd −1 is missing.
Let us look how this property influences spectra of periodic quantum graphs.
To this aim we compare two lattices shown in Fig. 13, the square one and
the honeycomb – or hexagonal – one, with their period cells.
The secular equations determining the spectrum for the two cases are easy
to derive,
(7.5) 16i ei(θ1+θ2) k sin k`
[
(k2 − 1)(cos θ1 + cos θ2) + 2(k2 + 1) cos k`
]
= 0
and respectively
(7.6) 16i e−i(θ1+θ2 k2 sin k`
(
3 + 6k2 − k4 + 4dθ(k2 − 1) + (k2 + 3)2 cos 2k`
)
= 0 ,
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where dθ := cos θ1+cos(θ1−θ2)+cos θ2 and 1` (θ1, θ2) ∈ [−pi` , pi` ]2 is the quasi-
momentum. They are tedious to solve except the flat band cases, sin k` = 0,
however, we can present the solutions to (7.5) and (7.6) in a graphical form
as shown in Figures 14 and 15 for two values of the lattice spacing, namely
` = 32 (solid curve) and ` =
1
4 (dashed one). To be specific, to make the
-5 0 5 10
-1
0
1
2
3
4
FIGURE 14. Graphical solution of the square lattice spectrum
last factor on the left-hand sides of the conditions (7.5) and (7.6) vanish at
the energy k2 requires cos jk` = fj(θ1, θ2; k), j = 1, 2, for appropriately
chosen functions fj ; in the negative part of the spectrum we have to re-
place trigonometric functions by hyperbolic ones. Plotting the ranges of
the functions f1, f2 as shaded regions in Figures 14 and 15, respectively,
we find the solutions to the secular equations as the points on the x-axis for
which cosine/hyperbolic cosine value lies in the shaded region.
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FIGURE 15. Graphical solution of the hexagonal lattice spectrum
Comparing the two systems we see that some features are common:
• the number of open gaps is always infinite,
• the gaps occur in pairs with a flat band in the middle,
• for some values of ` a band may degenerate,
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• the negative spectrum is always nonempty (for large ` it is not seen
from the pictures but reader would have no difficulty understand-
ing that the graph of the hyperbolic cosine crosses the shaded area.
Looking into the shape of the latter around the peak, it is straight-
forward to check that the gaps become exponentially narrow around
star graph eigenvalues given by (7.4) as `→∞.
However, the high energy behavior of these lattices is substantially different:
• the spectrum is dominated by bands for square lattices, with the gap
widths (in the energy variable) tending to a nonzero constant as the
gap index increases,
• in contrast, for hexagonal lattices the spectrum is dominated by gaps
for hexagonal lattices, the bands being now asymptotically of a con-
stant width.
In the light of what we said about the properties of the on-shell S-matrix the
difference is easy to be understood. Vertices of the square lattice are degree
four, hence a particle of a high energy approaching a vertex has roughly
the same probability to leave it in any direction. On the other hand, at a
vertex of degree three as for the honeycomb lattice, the reflection is domi-
nating so – except for the narrow bands – the particle remains trapped at
a single edge. As for the asymptotic band behavior in the negative part of
the spectrum, we note that the edges represent now, in the physicist’s lan-
guage, classically forbidden zones and the transport is possible only due to
tunneling between the vertices which becomes more difficult as ` increases.
One can also discuss more general vertex coupling violating the time-rever-
sal invariance, for instance, an interpolation between the δ-coupling and the
one considered here, but we are not going do it here referring to [42] for the
corresponding analysis.
8. BAND EDGE POSITIONS
The vertex coupling characterized by the matrix (7.2) can serve also another
purpose. To introduce the topic, let us first recall that looking for edges of
spectral bands of a one-dimensional periodic Schro¨dinger operator is easy,
it is sufficient to inspect the periodic and antiperiodic solutions. People of-
ten do the same when determining the band edges in higher dimensions
through extrema of the dispersion functions at the border of the respective
Brillouin zone. Quantum graphs provide a warning: there are examples of
a periodic graph in which (some) band edges correspond to internal points
of the dual cell [52]. Moreover, the same can happen even for graphs peri-
odic in one dimension only [35]: for an array of copies of a compact graph
linked by N edges, as sketched in Fig. 16, this is can be the case for any
N ≥ 2. An example of such a graph with N = 2 and Kirchhoff coupling
worked out in [35] is shown in Fig. 17; note that the graph is not planar.
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FIGURE 16. A graph periodic in one direction
FIGURE 17. A graph with band edges reached at points
inside the Brillouin zone
On the other hand, one can show that periodic and antiperiodic solutions
determine the band edges if N = 1, however, there is a catch: to demon-
strate the claim one has to assume that the system is invariant with respect
to time reversal. To show that this assumption is essential, let us consider
periodic comb-shaped graphs sketched in Fig. 18 with the vertex coupling
described by the matrix (7.2). Without going to details for which we refer
 
FIGURE 18. Comb-shaped graphs
to [44] one finds that
• the two-sided comb is transport-friendly, that is, bands dominate in
the high-energy regime,
• the one-sided comb is transport-unfriendly, gaps dominate,
• non-uniform continuity: sending the one side edge lengths to zero in
a two-sided comb does yield the one-sided comb spectrum in the
sense of the set convergence in correspondence with [15, Thm. 3.5],
however, in view of the above observations the convergence is highly
non-uniform.
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Our main question concerns the dispersion curves. The lowest ones are
shown in Fig. 19; it is obvious that they reach their maxima and minima at
points which are neither at the Brillouin zone boundary nor in its center.
−3 −2 −1 0 1 2 3
θ
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
FIGURE 19. Dispersion curves for the comb-shaped graph
9. CONCLUDING REMARKS
The above survey covered only a part of spectral problems related to quan-
tum graphs. Other interesting questions can be addressed, for instance,
• also for finite graphs, the spectra of which are discrete, the topology
plays often a role. An example which can be regarded as a counter-
part of the results discussed in Sec. 7 is provided by the high-energy
behavior of the graphs associated with the five Platonic solids, with
the vertex coupling (7.3), where the eigenvalue asymptotics of the
octahedron, as the only one with even vertex degree, differs from
those of the other four [36],
• at the end of Section 1 we mentioned the inverse problem expressed
by the modification of celebrated Mark Kac drum question [10, 51].
As is the PDE case, the answer is negative and one can find classes
of isospectral graphs [9]. The topology plays again a role here, for
instance through the relation between the nodal count of the graph
Laplacian with Kirchhoff coupling at the vertices and the first Betti
number of the corresponding graph [2], see also [6, 57].
• various problems concern the spectral optimization with respect to
graph properties. Apart from classical results such as [47] there is
a number of recent ones [8, 12, 13, 73]. As an example let us men-
tion a generalization of the classical Ambartsumian theorem [18]
by which the second Neumann eigenvalues on a Kirchhoff graph is
22 P. EXNER
minimized if the topology is trivial, that is, the edges form a seg-
ment. On the other hand, such problems become more complicated
in the non-Kirchhoff case, even it is just the δ coupling [33],
• for graphs with external semi-infinite edges, often called leads, the dis-
tribution of resonances is of interest. It was observed by Davies and
Pushnitski that the Weyl asymptotics can be violated in the Kirch-
hoff case if such a graph contains a balanced vertex, in other words,
the one joining the same number of external and internal edges [26].
The result can be generalized to general couplings but it loses this
simple topological formulation [25],
• infinite graphs without a positive lower bound to the edge length make
the spectral analysis more involved [34], however, they allow to
consider interesting cases such a graphs with a fractal geometry [3],
• other linear operators on graphs are of interest, in the first place the
Dirac operator [17, 53], also because the massless Dirac operator is
a good model to describe graphene [22]. Other examples concerns
the wave equation [46], the elasticity problem [49, 59], and one should
not forget the momentum operator on graphs [30],
• nonlinear operators, in the first place nonlinear Schro¨dinger [21, 68]
but also other nonlinear equations are of interest [23, 79],
• quantum graphs with random parameters, both from the point of
view of localization [32, 60, 77] and delocalization [1],
• furthermore, one can also mention statistical properties of quantum
graph spectra, in particular, the problem of quantum ergodicity [11,
19, 24, 48, 56, 58],
• last not least, the problem of squeezing limit of Schro¨dinger opera-
tors on a Dirichlet networks mentioned in Sec. 6 is of interest.
It remains to say that the above list of open questions is by no means com-
plete, and in addition, the references given in this paper are rather a sample
than a representative collection. One nevertheless hope that this brief de-
scription could give the reader an idea how rich this field is.
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